A grain-boundary diffusion equation was derived for small-grain deep-penetration diffusion and solved for the instantaneous source condition, where the flux from the grain boundary into grains was taken into ac count as a time-dependent function. From the solution of the equation, the average concentration distribution along the diffusion direction was derived to describe the concentration distribution to be determined for polycrystal by scanning technique with electron probe X-ray microanalyzer (EPMA).
Introduction
Quantitative analysis of grain-boundary enhanced diffusion was first conducted by Fisher in 1951.1) The physical model in his analysis is described by a crystal bulk of low diffusivity bisected perpendicular ly to the plane surface by a thin slab, that is grain boundary, of high diffusivity with a constant diffusant concentration kept on the surface. His equa tion allows calculation of the concentration for given bulk and grain-boundary diffusion coefficients as a function of time, diffusion depth along the grain boundary, and the distance from the grain boundary to the crystal interior. Fisher's analysis assumes a stationary concentration distribution along the grain boundary by ignoring the effect of the diffusion flux from the grain boundary to the bulk. Consequently, application of Fisher's equation yields accurate results only when the ratio of grain-boundary to bulk diffusion coefficient is sufficiently large and diffusion time is relatively long.2) However, as the ratio decreases below a certain magnitude, the error tends to become higher. The present small-grain deep-penetration diffu sion is schematically described y Fig. 1 . Here the polycrystal consisting of equal-sized grains is in con tact with the thin layer, which is the instantaneous source of the iffusant. The diffusion coefficient in the grain boundary, D, is assumed to be greater than that in the grain, D, so that the diffusion proceeds preferentially through the grain boundary and subse quently into the grain.
For mathematical convenience in derivation of the grain-boundary diffusion equation, the grains are ap proximated as spheres of radius a, and one sphere is chosen at distance y from the surface of the poly crystal, where ya.
Equation ( On the other hand, at the interface of the grain and the grain boundary, x=/2, the continuity of the material flow is expressed as Eq. (1.4), (1.4) where C is the concentration in the grain. Thus Eqs. The second term in the left-hand side of Eq. (1.5) denotes the diffusion flux from the grain boundary into the spherical grain. Therefore, Eq. (1.5) is consi dered to be a one-dimensional diffusion equation which describes the diffusion along the grain bounda ry with the total amount of the diffusing substance decreasing due to the flux into the grain. If the flux is known as a function of distance y and time t, Eq. (1.5) can be solved for the concentration C0 at the center of the grain boundary. Because the diffusion proceeds in the grain boundary much faster than in the bulk, the concentration C in the grain can be cal culated under the condition that the concentration outside the grain is kept constant when the diffusion has proceeded to a certain extent. 5 The solution, which is denoted by Cs, for the diffu sion into a sphere from the grain boundary of con stant concentration is given by Eq. (1.6):14)
The function Cs satisfies the conditions (1.7a) and (1.7b):
Here r denotes the distance from the center of the sphere, C1 the initial concentration in the sphere, and the constant concentration outside the sphere. Differentiation of C with r gives Eq. (1.), which describes the diffusion flux toward the interior of the bulk at the interface with the grain boundary. where C () is the summation coefficient and (t) is defined as (2.5) Here the definition (1.12) of f (t) is used to derive the expression of (t). The initial condition for the diffusion from an instantaneous source is expressed as (2.6) where is a constant, which gives the initial concen tration of the source, and (z) is Heaviside's step function:
The summation coefficient C () should e deter mined so that satisfies Eq. (2.6). The final expres sion for C () is given by Eq. The detailed derivation of Eq. (2.9) is described in Appendix B. The exponential factor on the right hand side of Eq. (2.9) expresses the effect of the diffusion flux into the bulk from the grain boundary. If there is no diffusion into the bulk, Eq. (2.9) is reduced to (2.11) which is the well known solution for the one-dimen sional diffusion with an instantaneous source.5) Since the magnitude of the exponential factor is less than one, the value of given by Eq. (2.9) is always less than that given by Eq. (2.11) because of the exis tence of the diffusion flux into the grain from the grain boundary. 4 .
The concentration distribution in the diffusion direction is usually determined by scanning tech nique with EPMA in the case of the small-grain deep-penetration diffusion. The characteristic X-ray intensity for an element to be determined tends to be locally enhanced every time the electron beam cross es a grain boundary so that the obtained concentra tion distribution does not monotonously decrease but goes up and down. In such a case, in order to make the concentration distribution convenient for the analysis of the grain-boundary diffusion, the EPMA scanning is conducted at a given diffusion distance, perpendicularly to the diffusion irection.5) The average of the obtained inhomogeneous distribution is taken as the concentration at the diffusion dis tance. Such procedures are repeated at intervals along the diffusion direction to construct the distribu tion of average concentration against the diffusion distance y. This average concentration at y should be equal to the average concentration C in a spherical grain located at distance y, as given y Eq. (3.1):
Here Mt denotes the total amount of diffusing sub stance in the sphere at time t as defined by Eq. (3.2),14)
where C(r,t)-C1 is given by Eq. (1.6), with Cs replaced by C(r,t). By using the explicit form of Eq. (1.6) for the integrand, Eq. (3.3) can be erive.14)
Therefore we obtain the Eq. (3.4) for the average concentration C from Eqs. (2.9), (3.1) and (3.3), (3.4) By using Eq. (3.4), we can calculate the average concentration at given y and t, which can be com pared with experimental values determined by the scanning technique with EPMA.
In derivation of the present grain-boundary diffu sion equation, the grain-boundary path from the sur face of the polycrystal to the grain of interest was represented by a linear path, as shown in Fig. 1 . This path is shorter than grain-boundary paths in ac tual polycrystals, which are packed with polyhedra. Therefore, a correction factor for the grain-bounda ry path is necessary in the derived diffusion equa tion, Eq. (2.9).
The correction factor can be estimated by regard ing Fig. 1 as the cross section of a polycrystal pack ed with equal-sized polyhedra. The factor is 1.5 for the structure packed with hexagons and /2 for the structure packed with circles, leaving the existence of voids aside. The factor is unity for the checker board structure packed with squares. The details of this problem, however, are not discussed here.
Summary
The grain-boundary diffusion equation, Eq. (1.11), was derived for the small-grain deep-penetration diffusion, and solved for the instantaneous source condition. The obtained solution, Eq. (2.9), consists of two terms, one is the simple diffusion solution for the grain-boundary diffusion only, and the other is the factor which expresses the effect of the flux from the grain boundary toward the interior of the grains. Equation (3.4), which gives the average concentra tion at given distance and time, should e useful for determination of the diffusion parameters for the grain boundary and the bulk by tracer technique, and also for the analysis of kinetics in the formation of a grain-boundary phase by preferential diffusion in dielectric ceramics. where the definition (2.10) for the error function is used. Thus we obtain Eq. (2.9) (2.9)
